We find all irreducible rank n complex reflection subgroups of finite irreducible rank 2 n real reflection groups. ᮊ
INTRODUCTION

Ž
. Ž . In this paper a triple V, G, W denotes an n-dimesnional n ) 1 Ž complex vector space V, an irreducible rank n truly complex not complex-. ified reflection group G in V, and a rank 2 n finite real reflection group W in V, such that G ; W and W is minimal for G; i.e., there is no real R reflection group W X such that G -W X -W. We classify such triples up to Ž . Ž . Ž . isomorphism see Table 4 , where two triples V , G , W and V , G , W Throughout this paper, both real and complex reflections are discussed. To distinguish them, real reflections are denoted by subscripted lowercase esses: s , s , etc., while complex reflections are denoted with greek letters:
2. PRELIMINARIES 2.1. Real Reflection Groups w x 2, 7 are common references for real reflection groups. Here we gather together in tabular form a summary of facts needed later. Table 1 lists the finite irreducible real reflection groups encountered later together with their root systems and orthogonal root system automorphisms. The root systems are described with respect to an orthonormal basis.
Ž . We will need to know which conjugacy classes in Aut ⌽ have charac- Table 2 lists those polynomials and the notation used by different authors to refer to the corresponding conjugacy classes. The notations 3 4 w x yA and yA do not appear in 4 , but they refer to the conjugacy classes 2 2 with representatives yg and yh, where g and h are representatives of A 3 2 and A 4 , respectively. 2 
Complex Reflection Groups
Let G be a complex reflection group in a complex vector space V. Then imprimitive. Table 3 lists the truly complex irreducible primitive reflection groups as well as some imprimitive families encountered later. The notation of the 
context is the fact that roots of unity act as orthogonal transformations Ž . Proposition 3.2 . We finish by finding all the complex reflection subgroups of F , B , D , H , E , E , and finally B and D for n ) 2. 
Tools
Throughout, R denotes the set of real numbers and C the set of complex Ä 4 numbers. The symbol n refers to the set 1, 2, . . . , n , and G -W is an Ž . abbreviation for V, G, W .
Proof. It is enough to prove that if G -W, then G is a complexified Coxeter group or V is RG-irreducible, so assume V is RG-reducible and Ž . implies that A is an R-division ring, so C¨A¨End V , M R . 
␣ ; L , and since
acts orthogonally, ⌽ ; ⌽ , so ⌽ is a rank 2 root subsystem of ⌽ .
When d / 2, ⌽ s ⌽ l L and is determined by :
␣ and ␣ span a rank 2 root subsystem, ⌽ 2 . Since acts orthogonally,
The following theorem is vital. It implies that if G -W, then all the reflections in G have the same order, unless G has order 4 reflections, in which case G has order 4 and order 2 reflections. Proof. The theorem follows from the rank 2 case. Indeed, assume the Ž . Ž . Ž . rank 2 case is true and that rank G ) 2. Let G d and G e denote the subgroups of G generated by its order d and order e reflections, respec- Ž . Assume G has rank 2. If G is imprimitive, then G s G m, p, 2 , so let Ä 4 V , V be an imprimitivity system and s s s a reflection which 
' 5 5 Let ␥ be the projection of ␥ along V . Then ␥ s 1r 2 , and for is irreducible by Proposition 3.
⌽ is an irreducible rank 4 root system that is properly contained in e Ž . another irreducible rank 4 root system. The possible pairs ⌽ , ⌽ are individually, note that neither nor is an angle between roots of ⌽ , so e ª e ª e , e ª e and e ª e ª e ª e . 
x y x y 1 x y , where 2 n s dim V and is the R non-trivial eigenvalue of 1 m . Thus, fixes a complex hyperplane, and so is a complex reflection.
The next four propositions are more specific than some previous results but help streamline the procedure for finding complex reflection subgroups. The first two concern the case when G is imprimitive, the third restricts W when G is primitive and has order four reflections, and the fourth states that A has no complex reflection subgroups of rank n. Proof. Remark 3.1 describes how roots are associated with complex reflections. The set of all such roots corresponding to the reflections in G forms the root system ⌽ , so the proposition follows from the minimality To identify these roots choose an R-basis from the root system as follows: Ž . reflections that interchange V and V are " , " , " , " , 0, . . . , 0 . The coordinates of the roots corresponding to the diagonal reflections are Ž .Ž . Ž . y1, y1, 0, . . . , 0 , 0, 0, y1, y1, 0, . . . , 0 , . . . , 0, . . . , 0, y1, y1 . Ä 4 Ž . Define a new ordered R-basis e : i g 2 n via e s ␣ q i␣ r2 i 2 ky1 k k Ž . and e s ␣ y i␣ r2, for k g n. With respect to this basis the roots 2 k k k Ä 4 corresponding to the reflections in G are "e " e : 1 F i, j F 2 n . i j Proposition 3.6 restricts possible primitive subgroups for it implies that if Ž . G -W is primitive, then both and are in Aut ⌽ . 4 8 W PROPOSITION 3.6. If G -W is primiti¨e and has order 4 reflections, then ⌽ s ⌽ s ⌽ . 4 2 W Proof. The last equality follows from the minimality of W. To prove the first, note that no primitive group of rank greater than 2 has an order 4 reflection, so assume G has rank 2. The mixing theorem implies that G has only order 2 and order 4 reflections; there are only two such groups: Ž . G and G Table 3 . Since all its order 2 reflections are squares of order 4 8 9 reflections, G satisfies the theorem. Now, G has 18 order 2 reflections, 8 9 and each corresponds to a root subsystem of type A = A or B , so ⌽ A has no complex reflection subgroups of rank n.
.иии q s 2 n q 1, and charpoly s x y 2 cos x q 1 . 
Classification
Now we describe a general method for finding complex and real reflection groups G and W that satisfy G -W.
Remark 3.1 implies that the possible orders of reflections in any complex reflection subgroup of W are determined by the rank 2 root subsystems of ⌽ :
The mixing theorem states that if 
We first find the complex reflection subgroups of the rank 4, 6, and 8 real reflection groups individually and then treat the families B and D 2 n 2 n Ž . n ) 2 uniformly. When the context justifies it, we will use ⌽ rather than ⌽ to denote the root system.
The rank 2 root subsystems of ⌽ are A = A , A , and B , so the Ž o . Ž i . are in the same F orbit, C has 12 order two reflections and C has 4 4 4 Table 3 . To identify C note that the action of 4 1 2 4 Ž . is given by an element from the conjugacy class in Aut ⌽ with Ž . i Z , we may and shall assume that s . Since C has и 2 s 12
Ž . order 4 reflections, it is isomorphic to G Table 3 , and C ; Table 3 subgroups. On the other hand, the 2-Sylow subgroup of G is isomorphic 8 Ž . Ž . to G 4, 1, 2 , but F is not minimal for G 4, 1, 2 . To see this, let H be the 4 subgroup of G generated by its order 2 reflections. Then H is an 8 irreducible rank 2 complex reflection group whose 6 reflections all have Ž . order 2, so H is imprimitive Table 3 , and since H has only order 2 Ž . reflections H s G 4, 2, 2 . Now H is a 2-group, so it is contained in a 2-Sylow subgroup P of G , and since G has 12 order four reflections and Table 3 .
Ž .
Therefore, C is imprimitive, and since B does not have an Ž . Ž . C , G and there are no irreducible reflection subgroups Table 3 . Ž . Ž . most six order 2 reflections, so C is not primitive Table 3 . There- . G have the same 2-Sylow subgroups; a counting argument shows that G 4 4 has only one. Let P be the 2-Sylow subgroup contained in G l G . Since Ž . has a factor isomorphic to A A . Therefore, G s N P , so there is a Then they   13  22  12  12  22 share at least one 2-Sylow subgroup, P . Since G is irreducible, its reflections. Since the subgroup of P generated by its reflections must be 2 Ž . Ž . imprimitive Table 3 , it follows that P , G 4, 2, 2 , so by Proposition 3.5, least two distinct copies of G in G . To see that there are at most two, let 4 5 G and G X be distinct subgroups of G ; then G l G X s P , so they share . Ž e q e y e y e q e q e , ye q e , ye y e q e q e y e y e q . Ž . Ž e q e , ye y e , ye y e q e q e y e y e y e y e , ye y .4 e , ye y e q e q e y e y e y e y e . These pairs of roots are all conjugate in E by elements which fix the chosen D root subsystem. 4 6 Thus, there is a unique D -conjugacy class of G in G . of G in G . In fact using a computer algebra system, it is possible to 29 31
check that there is only one isomorphism class of G in G .
31
Finally, G has no imprimitive subgroups for which E is minimal, for 
